We study a delayed parabolic functional differential equation on a circle that is coupled with an initial value problem for the Schrodinger equation. Such equations arise as models of nonlinear optical systems with a timedelayed feedback loop, when diffusion of molecular excitation and diffraction are taken into account. The goal of this paper is to prove the existence of spatially inhomogeneous rotating-wave solutions bifurcating from homogeneous equilibria. We pass to a rotating coordinate system and seek an inhomogeneous solution to an ordinary functional differential equation. We find the solution in the form of a small parameter expansion and explicitly compute the first-order coefficients. We also provide examples of parameters that satisfy the constraints imposed throughout the analysis.
Introduction
Nonlinear optics is one of the areas where self-organization occurs [1] . A typical nonlinear optical system with rich spatio-temporal dynamics comprises a thin layer of nonlinear Kerr medium and a ring cavity (feedback loop). Phase modulation in the nonlinear Kerr slice within an aperture Q & R 2 -real-valued function uðr; tÞ -is described by the following parabolic equation [2] : u t ðr; tÞ þ uðr; tÞ À DÁuðr; tÞ ¼ jA FB j 2 ; r 2 Q; t > 0; ð1:1Þ
augmented by boundary conditions on @Q and by an initial condition. Here, D > 0 is the diffusion coefficient; A FB is the complex amplitude of the light field after it has passed the feedback loop. Equation ð1.1Þ includes local coupling caused by diffusion of molecular excitation in the nonlinear Kerr layer. Depending on the configuration of the feedback loop, expression for the complex amplitude A FB can bring nonlocal interactions into ð1.1Þ: time delay and/or spatial nonlocality (see [3, 4] ). Among the natural physical phenomena that can be taken into account in the mathematical model are interference of the input and feedback light fields [6] , and free propagation diffraction in the feedback loop [5] . In the most general case, ð1.1Þ is a delayed nonlinear partial functional differential equation [6] . The magnitude of nonlocalities together with the input light field intensity form an effective toolkit for controlling the dynamics of the system, which is crucial for applications (see [7, 8] ).
Whether Eq. ð1.1Þ admits shape-preserving solutions is a matter of research. In [6] , a periodic boundary value problem for Eq. ð1.1Þ was shown to possess rotating-wave solutions, when time delay and rotation of spatial arguments are present. A similar equation was studied in case of Neumann boundary conditions and time delay [9] : only spatially homogeneous rotating waves were proved to exist.
In the present paper we study a mathematical model of an optical system with a thin ring aperture, time-delay device, interference, and diffraction. Our goal is to show that a one-dimensional periodic boundary value problem for Eq. ð1.1Þ on a circle admits spatially inhomogeneous rotating-wave solutions bifurcating from spatially homogeneous equilibria. We prove the existence in a rotating coordinate system, seeking an inhomogeneous solution to an ordinary functional differential equation. We find the solution in the form of a small parameter expansion and explicitly compute the leading coefficients. We also provide examples of parameters that satisfy the constraints imposed throughout the analysis.
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Boundary Value Problem

Problem statement
We consider a periodic boundary value problem for a nonlinear parabolic functional differential equation on a circle: ÞÞ, where K > 0 is the nonlinearity coefficient that is proportional to the input light field intensity, 0 < < 1 is the interference visibility, T > 0 is the time delay in the feedback loop, and z 0 > 0 is the free propagation distance of the light field. Here, Aðx; z; A 0 Þ denotes the solution to a periodic initial-boundary value problem for the linear Schrodinger equation that describes propagation of light waves in the paraxial approximation:
ð2:2Þ
For convenience, we shall introduce a linear operator B that propagates its input over the distance z 0 according to ð2.2Þ: WðÞ by setting uðx; tÞ ¼ WðÞ þ vðx; tÞ:
Extracting linear in v terms we can obtain the following representation of ð2.6Þ: 
where
Proof. Some algebra applied to ð2.8Þ yields Â R into H. The operator F and its Frechet derivatives F w n m vanish at the origin ð0; 0Þ for n < 2. Proof. The formal Taylor series expansion of Fðw; Þ at the origin ð0; 0Þ is
Expanding e iw in its Taylor series and grouping the terms, one can show that F w n m ð0; 0Þw n m ¼ 0 for n < 2. Hence, the expansion can be rewritten as
To prove the convergence of the Taylor series we derive an upper bound for the following expressions
The embedding theorems [10] show that
Therefore, recalling that B is isometric, we can obtain the following bound
This leads to a majorant for the Taylor series term corresponding to w n :
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Rotating coordinate system
We approach the construction of rotating-wave solutions by passing to a rotating coordinate system. To this end, we introduce a family of rotation operators 
vð0Þ ¼ vð2Þ; v 0 ð0Þ ¼ v 0 ð2Þ: ð2:13Þ
Existence of Rotating Waves
Linearized operator
To pursue the study of boundary value problem ð2.13Þ we now turn to the linear part of the equation:
The H-adjoint operator of A is
Here, the operator B Ã acts according to
; where Eðx; z; E z 0 Þ is the solution to a periodic initial-boundary value problem for the adjoint Schrodinger equation
Along with A we shall consider its complexification: Hence,
and, thus,
The case of the adjoint operator is similar. Ã 
(2) To prove the inverse inclusion we consider an element f 2 NðA Ã Ã Þ ? . We expand f into its Fourier series
and seek a solution u 2 DðA Ã Þ of ð3.4Þ as a formal series
u n e inx : ð3:5Þ
From ð3.4Þ we obtain equations u n n ðA Ã Þ ¼ f n ;
that are uniquely solvable for n 6 ¼ AEn Ã :
Setting u n Ã ¼ u Àn Ã ¼ 0, we check that the element u defined by ð3.5Þ indeed lies in DðA Ã Þ. Parseval's identity gives 
Existence theorem
In Section 2 we introduced two additional parameters that led us to boundary value problem ð2.13Þ: the small perturbation of the nonlinearity parameterK and the rotation speed of the sought rotating-wave solution. These are now genuinely included in the following definition. It is evident that S 0 ¼ ð0; Ã ; 0Þ is a solution. We will be considering the nontrivial perturbations of S 0 .
Condition 3.10. The following inequality holds:
Theorem 3.11. Let the assumptions of Lemma 2.2, Condition 3.3 and Condition 3.10 hold. Then an " 0 > 0 exists such that for " 2 ðÀ" 0 ; " 0 Þ a twice continuously differentiable with respect to " branch of solutions
Proof. Consider a triplet S ¼ ðvð"Þ; þ !; Þ, where
Plugging S into ð2.13Þ and dividing by " 6 ¼ 0, we can get . Therefore, we can project ð3.7Þ onto the kernel and range:
ð3:8Þ System ð3.8Þ is equivalent to ð3.7Þ. It produces a nonlinear operator equation where the operator We now seek an implicit function ð; !; Þð"Þ from ð3.9Þ. To this end, we compute the Frechet derivative of F at the origin ð0; 0; 0; 0Þ with respect to ð; !; Þ:
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is continuously invertible whenever the following matrix is nondegenerate:
It follows from Condition 3.10 that det rF 0 6 ¼ 0. The statement of the theorem is then a consequence of the twice continuously Frechet differentiable implicit operator theorem [11] . Ã
Expansion coefficients
In the proof of Theorem 3.11 we constructed a twice continuously differentiable triplet ð; !; Þð"Þ. It can be expanded in powers of " as follows:
ð3:10Þ
We then plug expansion ð3.10Þ into Eq. ð3.7Þ to get the identity: From ð3.10Þ we can deduce that
The Taylor series ð2.11Þ of the operator Fðw; Þ together with ð3.12Þ allow us to expand the nonlinear term of ð3.11Þ in powers of ":
We can now proceed with computing the first-order expansion coefficients 1 , ! 1 , and 1 . To this end, we collect the linear in " terms in ð3.11Þ: Þ as a consequence. We, thus, get the following solvability condition:
This is a system of two linear equations; its matrix coincides with rF 0 from Theorem 3.11, which is nondegenerate according to Condition 3.10. Therefore, Eq. ð3.14Þ has a solution if and only if
The solution 1 2 PH This leads to the following expression:
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which is well defined due to Condition 3.3. Here,
To find second-order coefficients, we shall update expansion ð3.12Þ of R T using ð3.15Þ:
We can now collect the " 2 terms in ð3.11Þ:
.16Þ has a solution if and only if ! 2 and 2 satisfy the following system of linear equations:
The matrix rF 0 is nondegenerate, so ! 2 and 2 can be found. To find the unique 2 , one can solve
Examples of Parameters
Below we present a few examples of parameters that satisfy the conditions of Lemma 2.2, Condition 3.3, and Condition 3.10. . Expression in condition of Lemma 2.2 equals to 6:337 6 ¼ 0.
. Sufficient to check for jnj 2Kð þ 1:1Þ= Ã ¼ 1:422. Figure 3 illustrates that Condition 3.3 is satisfied.
. Expression in Condition 3.10 equals to À1:5138 6 ¼ 0. 
